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Abstract

As the blood flow characteristics are closely related to various cardiovascular diseases, it is very important to predict
them accurate enough in an efficient way. Thus, this paper proposes a one-dimensional spectral element model for
human blood vessels with varying cross-sections. The spectral element model is formulated by using the variational
approach of finite element formulation. The wave solutions analytically solved in the frequency-domain to satisfy gov-
erning equations are used to determine the frequency-dependent interpolation functions. The spectral finite element
model is then applied to an example blood vessel to investigate the blood flow rate and blood pressure through the

blood vessel.
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1. Introduction

The blood flow characteristics determine the wall
shear stress and wall tension. As the wall shear stress
and wall tension are closely related to the cardiovas-
cular diseases such as stenosis and aneurysm, it is
very important to predict the blood flow characteris-
tics accurately in an efficient way for the cardiovascu-
lar disease research, medical devise design and surgi-
cal planning. To this end, computational methods
have merged as the powerful tools for the modeling

and analysis of the blood flow and pressure in arteries.

Modeling of blood flow and pressure has been
studied intensively over the years, and various com-
putational models have been reported [1-8]. The one-
dimensional (1D) models have been widely used
because they can provide clinically relevant informa-
tion on local mean blood flow and pressure waves
through arterial systems very efficiently as well as the
boundary conditions suitable for three-dimensional
(3D) models [4, 5]. For solving 1D models of blood
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flow, the two-step Lax-Wendroff method [3] and
finite element method (FEM) [6-8] have been applied.
The 1D modeling of a vascular network in space-time
variables was also considered by Sherwin et al. [9].
However, to the authors’ best knowledge, the spectral
element method (SEM) has never been applied to the
modeling and analysis of the blood flows through
human blood vessels.

The FEM is certainly a very powerful tool for solv-
ing diverse complex engineering problems. However,
as the simple polynomials which are not related to the
frequency of vibration are used as the interpolation
functions to formulate the conventional finite element
models, it is often inevitable to use very fine meshes
to improve the FEM solutions, especially at high fre-
quency. This may increase the computation cost sig-
nificantly. In contrast to FEM, the spectral element
method (SEM) is known as an exact element method
because the exact wave solutions satisfying governing
equations of motion in the frequency-domain are used
as the frequency-dependent interpolation functions to
formulate spectral finite element models [10, 11].
Thus, SEM may allow us to get very accurate dy-
namic response for a 1D structure by modeling the
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whole structure of any length as a single element in
the absence of any discontinuity or irregularity in
geometrical and material properties, which may bene-
fit us to drastically reduce the computation cost.

As the SEM has never been applied to the model-
ing and analysis of the blood flows, the purposes of
this paper are: (1) to develop a spectral element model
for the blood flows through human blood vessels by
improving the previous study [12], and (2) to apply
the spectral element model to investigate the blood
flow characteristics for various velocity profiles of
blood flow.

2. Governing equations

The 1D theory of arterial flow consists of a conti-
nuity equation, an axial momentum balance equation,
and a constitutive equation for the flow in an imper-
meable, deforming, elastic domain as [2, 3]:

S+0'=0 (1)

O+(1+A)(Q%/S)+(S/p)P =vH(©QIS)+vQ"  (2)

P(S(x,0),x,1)= P +(4/3)(Eh/rd)( 1- (S, /S(x.0) )
3

where S is the cross-sectional area, Q is the volumet-
ric flow rate, P is the pressure, p is the mass density
of blood, v is the kinematic viscosity of blood, E is
the Young’s modulus of blood vessel, and % is the
wall thickness of blood vessel. S; and r; are the uni-
form cross-sectional area and radius at diastole pres-
sure P, = 80 mmHg. The parameters 4 and H are
determined by the blood flow velocity profile over the
cross-section of a blood vessel [2, 3]: 4=0and H=0
for the uniform flow (Fig. 1a); 4 = 1/3 and H = 8x for
the parabolic flow (Fig. 1b); 4 = (2/3)d/r, = 0.0667
and H = 2zr,/6 = 20z for the boundary layer flow,
where 0 denotes the boundary layer thickness (Fig. 1c).
Note that the dot and the prime represent the deriva-
tive with respect to time ¢ and coordinate x, respec-
tively. Olufsen [3] derived the empirical expression for
Eh/r,in the constitutive equation as follows:

= RI- =T

@ (b) ©

Fig. 1. Types of blood flow velocity profiles over the cross-
section of a blood vessel: (a) uniform flow, (b) parabolic flow,
and (c) boundary layer (BL) flow.

Eh/rd = klexp(kzrd) + k3 (4)

where k; = 2x10’ g~s'2-cm’1, ky=-2253cm”, and ky =
8.65x10° g-s*cm™ [3, 7].

Assume that the blood pressure and cross-sectional
area can be written as

S(xt)=Sy(x)+s(xt), P(x,t)=PB;+p(x1)
©)

where s(x, ) and p(x, ) are the small perturbations
with respect to the values at diastole phase. The cross-
sectional area at the diastole phase is assumed to vary
as

S;(x)=S,(1-6x) (Ox<1) (6)

where S is the cross-sectional area at the inlet of an
blood vessel and @ is the parameter which represents
the taper of the blood vessel.

Substitute Eq. (5) into Eq. (3) and then apply Egs.
(4) and (6) to get

p(x.t)=(2ER/3ry)(s/S;) = a(s/S) @)
Where
@ =2Eh!3r; = (2/3)k explkyry) + k3] (8)

Substituting Eq. (5) into Egs. (1) and (2), we get ap-
proximated expressions as

$+0'=0 Q)

Q+(1+A)[(Q2/Sd)(l—s/Sd)}+[(Sd +5)/0]p
=vH(Q/Sy)(1-5/Sy)+vQ

(10)

Applying Eq. (7) into Egs. (9) and (10) to replace s(x,
f) with p(x, #) and then using the assumptions S, >s(x,
) and 6x < 1, we can get simplified continuity and
momentum equations as

agp+ a0’ =0 (11)
agp + Q0+ a0 —a30" = f(x,1) (12)
where

S (x,1) =-a,00" + aspQ — agp'p + a7 pQQ’

i (13)
+agp' 0% - agQ” + aypQ°
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And

a0=S0/p, a1=0(/p, (12=VH/S0

a3:V, ﬂ4:2(1+A)/S0
as=vHIaSy),  ag=So/(ap) (14)

ar =2(1+A) (@Sy),
ag =(1+A)0/ 5y,

Note that all nonlinear terms are collected in the right-
hand side of Eq. (12) and denoted by the function f{x,
f). When compared with the previous study [12], one
may find that the last two terms of Eq. (13) are newly
added. The function f{x, #) will be considered as the
pseudo-force for the application of an iterative
method for nonlinear problems.

3. Spectral Element Model

3.1 Weak forms in the frequency domain

We basically follow the same procedure of spectral
element formulation as used in the previous study
[12]. Based on the discrete Fourier transform (DFT)
theory [13], we first assume the time histories of p(x,
1), O(x, £), and f(x, ) in the spectral forms as

Pu(x) e (15)
Q(x,t)z—z _,, (x)e[w”t (16)
£(xd) =%Zﬁ,(x)eiw”t (17)

where p,(x), én (x), and fn(x) are the Fourier
components of p(x,?), O(x,f), and f(x,?), respectively;
w,=21n/T (n=0,1,2,..., N) where T is the period and
N is the number of samples defined in the DFT theory
[13].

Substitution of Egs. (15-17) into Egs. (11) and (12)
yields the governing equations for én (x) and
Pa(x) as

Cr%é),z""wi(l_iﬂn)én"'o-lnfn =0 (18)
2—n 2 . — —
CyPp T Wy, (1 _”’n)pn +0,,8, = 0 (19)

where g,(x) are the Fourier components of g(x, #) =

f1x, t) and the following definitions are used.

a12+a)3a32 _ 0)303 +ajap

Cp = > Ty =
V ay —apaz wy, (al—a2a3)
2 .
w, a a aq(a) — 1w, a
TN PO D W | G 1(a) —iwya3)
a - axa;z W,a3 ag(a) —azaz)

(20)

Oln =

Multiplying Eq. (18) by é@n (x), and Eq. (19) by
O0p,(x), and then integrating by parts, and finally
using the relation iw,a,p, +0, = 0 derived from Eq.
(11), we obtain the weak forms as follows:

I . _ / —_
J'O 20,60, dx - I . oy (1-in,) 0,60,dx
1
=0

l — —!
. 2 =
+J.0 O-lnfn5Q)1dx + lwncnaopndgn 0

! i
[ camomax=[ @l (1-im,) 507,
1 22)
=0
0

1
[ 2—r o—
—_[0 021810 Pndx — ;DO Dy,

Consider a function z;(x, f) defined by the multipli-
cation of two functions z;(x, £) and z,(x, f) as

z3(x,1) = 21 (x,2) 25 (x,1) (23)

Define le (x), Zf (x) and ZS (x) as the Fourier
components of z,(x,?), z(x,?) and z;(x,f), respectively.
Then, by applying the DFT theory to Eq. (23), one
can obtain the relation as

(24)

The Fourier components fn(x) of the pseudo-force
flx,?), which is the nonlinear function of p(x,#) and
O(x, f), can be expressed in terms of p,(x) and
é,, (x) by repeatedly applying the formula, Eq. (24),
to each nonlinear term in f{x, 7).

3.2 Spectral element formulation

To formulate the spectral element, we consider the
linear homogeneous governing equations reduced
from Eqgs. (18) and (19) as
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20y + 3 (1=in,)0, =0 (25)
npn+a) (l_l”n)pn =0 (26)

with the relevant boundary conditions

an 1_7)1(0):[_7;11’ ﬁn(l)zl_)nZ
27)

én(o):énl’ én(l) =

The solutions of Egs. (25) and (26) can be obtained
in terms of the dynamic shape function matrix N(x,
w,) and the nodal degrees of freedom (DOFs) 0, =

{On Ont'and p, ={p, P} as

0,(x)=[N(x.0,)}{0,]

N (28)
Py (x) = [N(x,a)n)]{pn}

where

[N (x,w,)]=[csc(k,l)sin(k,! - k,x) csc(k,l)sin(k,x)]

ky = (@, /c, )1 =i, (29)

Substitution of Eq. (28) into Egs. (21) and (22)
gives

[S(@) {@u} ={ i} +{Fin} (30)
and

[S(@) (B} ={Fon} +{For) (1)
where

!
S(w,,)]=cﬁj‘ ! [N’]T[N’]dx—w,zl(l —in,,)J.O [N}T[N]dx

Fu@ph=ad | [V a (2)

{

{ } = la)ncnao{pn}
{f © p)} 02,8y (X )J. I:N:'T dx
{F.

2n lw ¢ aO {Qn}

The matrix [S(@,)] is the spectral element matrix
which is frequency dependent. The spectral element
equations, Eq. (30) and Eq. (31), can be combined

and assembled in the exactly same way as used in the
conventional FEM, followed by the application of
relevant boundary conditions [10, 11].

The terms in the right-hand sides of Egs. (30) and
(31) contain unknown Fourier spectra p, and Qn .
Thus, we need to solve Eqgs. (30) and (31) for p,
and Qn by using an iterative method. Once p, and
Qn are computed, we compute the Fourier spectra
P,(x) and Qn(x) at an arbitrary location x from Eq.
(28). Finally, we compute the time histories of p(x, ?)
and Q(x, ?) from Eq. (15) and Eq. (16), respectively,
based on the DFT theory. In SEM, the computation of
time histories is efficiently conducted by using the
inverse fast Fourier transform (FFT) algorithm [10,
11].

4. Numerical results and discussion

The spectral element model developed in this paper
is applied to a blood vessel of length L as shown in
Fig. 2, where r, = 1.25 cm. The blood properties are
given by o = 1.055 g/em’ and v = 0.046 cm’/s. The
blood flow rate and pressure are computed by assum-
ing that the pulsatile blood flow rate at the inlet (i.e., x
=0 cm) is given by Fig. 3 and the perturbed blood
pressure at the inlet is zero, i.e., p(x, £) = 0 mmHg or
P(0, ©) = 80 mmHg. Fig. 1 shows the blood flow ve-
locity profiles over the cross-section of the blood
vessel, which are considered for numerical computa-
tions in this study: uniform flow, parabolic flow and
boundary layer (BL) flow (uniform flow in the core
region and linear velocity profile in the boundary
layer). The numerical results obtained by using the
present spectral element model are displayed in Fig. 4
through Fig. 9. To compute the time histories of
blood flow rate and pressure, N = 2" (the number of
samples) is used for the FFT and inverse FTT appli-
cations.

Fig. 4 shows the blood flow rate and the perturbed
blood pressure at the distance of 3.5 cm from the inlet
of blood vessel (i.e., x = 3.5 cm) when the uniform
flow profile is used. Because the blood flow rate
specified at the inlet of blood vessel is pulsatile, the

Faj | t

Fig. 2. The geometry of a blood vessel.
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blood flow rate and the (perturbed) blood pressure
predicted at x = 3.5 cm are also pulsatile. The pre-
dicted perturbed blood pressure has a value between 0
mmHg and 40 mmHg: this means that the blood pres-
sure of a healthy person is between 80 mmHg and
120 mmHg.

First, to evaluate the high accuracy of the present
spectral element model, the blood flow rates and
blood pressures computed by using the present SEM
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Fig. 3. The blood flow rate at the inlet of an example blood
vessel considered for numerical computation.
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Fig. 4. The blood flow rate and perturbed blood pressure at x
= 3.5cm for the uniform flow.

are compared with those computed by using the FEM
model formulated in this study. The FEM model is
given in Appendix A. To get the FEM results shown
in Fig. 5, the Runge-Kutta algorithm of MATLAB is
used with a time-step size of 0.01 seconds, which is
chosen to provide sufficiently converged reliable
solutions. As shown in Fig. 5, only two finite ele-
ments are used for the SEM, while the number of
finite elements is increased for the conventional FEM
to get improved results. As the extremely high accu-
racy of SEM has been already proved in many related
articles, Fig. 5 certainly shows that FEM results con-
verge to SEM results as the number of finite elements
used in the conventional FEM is increased. Based
on the proof of the high accuracy of the present spec-
tral element model, spectral element analyses are
conducted to investigate the blood flow through the
example blood vessel, and their results are displayed
in Fig. 6 through Fig. 8 for the case of uniform flow.

Fig. 6 shows the effects of the taper of the varying
cross-section of blood vessel on the blood pressure. A
blood vessel with narrowing cross-section has lower
blood pressure than one with uniform cross-section.
This is true because the flow velocity must increase to
make an input quantity of blood flow through the
narrow cross-section, which may in turn decrease the
pressure by Bernoulli's principle.

Fig. 7 compares the perturbed blood pressures at
three different locations: x = 0 cm, 3.5 cm, and 7 cm.
It is obvious from Fig. 7 that the blood pressure at
farther distance is delayed due to the distance be-
tween chosen locations. We can also observe from

Flaw rabe & {em )

TEEYESTY

s EyEe s
8 &

b4

Perturbed pressure [memky)
k-3

Perturbed pressurs {mmiyg)

[ 1 z 25 [X]

15
Time (5]

Fig. 5. Comparison of the blood flow rate and pressure ob-
tained by using the present SEM and the conventional FEM
for the uniform flow.
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Fig. 6. The perturbed blood pressure vs. the taper of the
cross-sectional area of blood vessel for the uniform flow.
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Fig. 7. The perturbed blood pressures at different locations (x
=0, 3.5, 7 cm) for the uniform flow.

Fig. 7 that the magnitude of blood pressure decreases
as the blood flows downwards due to the effects of
blood viscosity.

As the cardiovascular system is a huge network of
blood vessels, the length of a blood vessel originating
from the heart can be considered semi-infinite. In the
element methods such as the conventional FEM and
the present SEM, it is not always easy to deal with
such semi-infinite length of blood vessel. So it may
be important to investigate the effects of the finite
length of blood vessel on the predicted characteristics
of blood flow. To this end, Fig. 8 shows the blood
flow rates and blood pressures (at x = 3.5 cm) for
different total lengths of blood vessel. As expected,
the shortest blood vessel shows the strongest effects
of the wave reflection at the far down end of blood
vessel. As the total length of a blood vessel is in-
creased, the effects of wave reflection are getting
smaller to smooth the curves of the blood flow rate
and blood pressure. This implies that it is important to
accurately take into account the effects of wave re-
flection at the far down end of a blood vessel to get
more accurate blood flow characteristics within the
blood vessel.
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Fig. 8. The blood flow rates and perturbed blood pressures at
x = 3.5 cm for different lengths of blood vessel for the uni-
form flow.
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Fig. 9. The blood flow rates and perturbed blood pressures at
x = 3.5 cm for different blood flow velocity profiles: uniform
flow, parabolic flow and boundary layer (BL) flow.

The blood flow velocity profile may depend on the
fluid properties of blood (i.e., viscosity, density, etc.)
as well as on the geometry of blood vessel. Thus, we
considered three types of blood flow velocity profiles
as shown in Fig. 3. The blood flow rate and blood
pressure at x = 3.5 cm for each blood flow velocity
profile are compared in Fig. 9. For the case of bound-
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ary layered flow, the boundary layer thickness 0 =
0.125 cm is used. Though there is no significant dif-
ference between blood flow velocity files, the uni-
form flow profile seems to provide the largest blood
flow rate and blood pressure, while the boundary
layered flow profile provides the smallest values.

5. Conclusion

In this paper, a one-dimensional spectral element
model is developed for human blood vessels with
slowly varying cross-sections. The spectral element is
formulated by using the wave solutions satisfying
governing equations in frequency-domain as the fre-
quency-dependent interpolation functions. The spec-
tral element model is then applied to a blood vessel to
investigate the blood flow rate and pressure for vari-
ous flow velocity profiles. It is numerically shown
that the present spectral element model provides real-
istic blood flow through the example blood vessel
considered in this study. It is also investigated that the
length of blood vessel is somewhat important to suc-
cessfully take into account the effects of the blood
waves reflected from the downstream end of blood
vessels.
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Appendix
A: Finite element model

The finite element model used in this study is for-
mulated by using the flow fields assumed as

(A1)

where
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[N (x)]=[1-x/1 x/1] (A2)  [Kuy]=aaa' j ’[N ) {e() [N [V (x)]ar
By substituting Eq. (Al) into the weak forms of - ag j [N (x) W[N] [N (x)]ar

Egs. (5) and (6), we get the finite element equations .

as follows: *aard J.n[N x] {pOF [V T [V ()]

) +(“10*ax)_[;[N(")T{Q(t)}T[N(x)] { } [N ] [N ]
(Ko} +[cKe()}+[xKe ()} ={ s (p.0:0)} ragaar’ [ VW] (o) [V () [V )] [N ()]s

[ (o)} +[cKp ()} +[K K p(0)} = {1, (p.0:0)} ~agaai’ [TV T () TN T L) [V ()T [ ()]

B [IVWT OF (VT (o0} [N [V ()]
where +aa50;' jé[N(x)]’ [ [N @) [N ()] [N'(x)]ds
{fo(p-00}=[Crio (PO}~ Knso(p-0.0) [l +{/or oo} =2, [TV T (o) TN T {0} [ ()] [ ()

U (p 00} =[Can @O K (ph ) JpO el 1} s’ [ IV (O VW Tl [V [V

(A4)
with the use of definitions as Jor = (alQ,+ a;0"+ aaray' pQ’ = ayaay'Q'0” ) L:o

! T Jo2 =(alQ'+a3Q'+a1a7a61pQ'—a1a10aalQ'Q2) ]
[M]zj [N(x)} [N(x)}dx . . ) _ ' ' L:’
0 S = (alpl*"1317,‘*'“1“7“0IPP,‘alaloaolple —2‘15PQ+010PPQ) L:O
! ’ r ’ o =(ap’ +ayp’ + ayazay pp’ - ayayay p'O* —2as pO + ayg pp
I:K:IZ alJ-()[N (X)] |:N (x)}dx Sz ( P +ayp’+aya;ay pp'—ayaygay p'O° —2asp0+ mPPQ)‘x:]
; , ; , (AS)
[c]= azj.o[N(x):I I:N(x)] dx+a3IO[N'(x)] I:N'(x)] dx

[cNLQ]:aéjol[N(x)]’{ PO [N [N ()]
[Cnp] =20t Ol[zv(x)]r e} [N [V (x)]ax
vas [ v )] o) 3T [ () ]ar

0

[Kvo) 2a4! (V@] {0 [ME)] [N (x)]dr

vasf [V T {0} [N ] [V ()

sas[ IN@T {00} [V ()] [V ()]

raaga [ VT fe) [V (0] [N ()]ax
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